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Interference-induced suppression of doublon transport and prethermalization in the extended
Bose-Hubbard model
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The coherent mobility of doublons, arising from second-order virtual dissociation-recombination processes,
fundamentally limits their use as information carriers in the strongly interacting Bose-Hubbard model. We
propose a disorder-free suppression mechanism by introducing an optimized nearest-neighbor pair-hopping
term that destructively interferes with the dominant virtual hopping channel. Using the third-order Schrieffer-
Wolff transformation, we derive an analytical optimal condition that accounts for lattice geometry corrections.
Numerical simulations demonstrate that this optimized scheme achieves near-complete dynamical arrest and
entanglement preservation in one-dimensional chains, while in two-dimensional square lattices, it significantly
suppresses ballistic spreading yet permits a slow residual expansion. Furthermore, in the many-body regime,
finite-size scaling analysis identifies the observed long-lived density-wave order as a prethermal plateau emerg-
ing from the dramatic separation of microscopic and thermalization timescales.
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I. INTRODUCTION

The Bose-Hubbard (BH) model stands as a cornerstone
of condensed matter physics, providing a fundamental
framework for understanding strongly correlated bosonic
matter [1–3]. From granular superconductors [4–6] and
Josephson junction arrays [1,7–10] to modern quantum
simulators [11–14], the BH model captures the essence of
the competition between hopping and on-site interactions,
epitomized by the superfluid-Mott insulator transition.
Within the strongly interacting regime, stable bound pairs
of particles, known as “doublons” [15,16], emerge as
key composite excitations. Due to their stability against
dissociation, doublons are regarded as promising candidates
for encoding quantum information and investigating effective
pairing mechanisms in lattice systems [15–17].

However, the utility of doublons is compromised by an
intrinsic residual mobility. Even in the limit of strong in-
teractions, doublons are not strictly stationary but possess a
mobility arising from second-order virtual processes [15–18].
This effective tunneling drives the coherent transport of dou-
blons, leading to inevitable thermalization [19–21] and the
loss of stored information. While introducing disorder can
induce many-body localization (MBL) [22–27] to arrest this
transport, such approaches break the translational symmetry
of the system. Achieving robust storage in a clean, transla-
tionally invariant setting remains a significant challenge.

In this work, we propose a Hamiltonian engineering strat-
egy to suppress this intrinsic transport via coherent quantum
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interference. By extending the BH model with a nearest-
neighbor (NN) pair-hopping term [28–31], we introduce a
transport channel that destructively interferes with the dom-
inant second-order virtual processes. Going beyond heuristic
second-order corrections, we employ a third-order Schrieffer-
Wolff transformation (SWT) [32–35] to rigorously derive
the effective dynamics. Our analysis reveals that lattice con-
nectivity imposes a geometric interference factor η, which
necessitates a precise tuning of the control parameters to the
effective hopping.

We validate this mechanism through exact numerical
simulations, demonstrating that the optimized interference
significantly suppresses ballistic spreading [36] and preserves
entanglement. Specifically, this optimization achieves
near-complete dynamical arrest in a one-dimensional
(1D)-BH chain, whereas in a two-dimensional (2D)-BH
square lattice, suppression remains substantial but is
limited by residual higher-order pathways due to increased
coordination. In the many-body regime, we employ finite-size
scaling to strictly distinguish the observed dynamics from
true MBL or Hilbert space fragmentation (HSF) [37–40].
Our analysis reveals that the persistent density-wave order
is inherently prethermal [41–44], originating from the vast
disparity between the suppressed effective hopping and the
prolonged thermalization timescales.

II. MODEL AND METHOD

A. Doublon dynamics in the standard Bose-Hubbard model

We start by considering the standard BH model describ-
ing interacting bosons on a d-dimensional lattice. Working
within the particle-number conserving subspace, the chemical
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FIG. 1. Schematic of doublon dynamics and the suppression mechanism. (a) Second-order tunneling. A doublon tunnels from site i to j
via an intermediate state |. . . , 1i, 1 j, . . .〉, overcoming the interaction energy gap �E = |U |. This process generates the effective hopping Jeff

(blue arrow). (b) Destructive interference. The intrinsic effective amplitude Jeff is canceled by the explicit pair-hopping strength Jp (red arrow)
when Jp ≈ −Jeff. (c) Third-order tunneling. Third-order pathways involving a neighbor k. Type A represents virtual processes preceding the
pair hop, while Type B shows the converse sequence. Note that k represents all nearest neighbors, including k = j (in Type A) and k = i (in
Type B), giving rise to the geometric factor η.

potential term −μ
∑

i n̂i contributes only a global energy shift
and can therefore be omitted. The resulting Hamiltonian (with
h̄ = 1) reads

ĤBH = −J
∑
〈i, j〉

â†
i â j + U

2

∑
i

n̂i(n̂i − 1), (1)

where â†
i (âi) creates (annihilates) a boson at site i, and n̂i =

â†
i âi is the number operator. The parameters J and U represent

the single-particle hopping amplitude and the on-site interac-
tion strength, respectively. The summation 〈i, j〉 runs over NN
sites.

In the strong-interaction regime (u = |U/J| � 1), single-
particle tunneling is significantly suppressed due to the large
on-site interactions [1,3]. Nevertheless, doublons are not
strictly localized. Although the standard Hamiltonian ĤBH

contains no direct pair-tunneling term, a doublon on site
i can still move via a second-order perturbative process:
it virtually dissociates into two singly occupied sites (i.e.,
|. . . , 1i, 1 j, . . .〉) via a single-particle hop, and subsequently
recombines at the neighboring site through a second hop [see
Fig. 1(a)].

This virtual dissociation-recombination mechanism leads
to an effective NN pair-hopping amplitude Jeff = 2J2/U for
doublons [15,16]. This amplitude, though suppressed by U ,
remains the dominant transport channel, enabling coherent
propagation of doublons and ultimately leading to thermaliza-
tion of the system. Consequently, even in the limit of strong
interactions, quantum information encoded in the doublon
positions is degraded over timescales proportional to U/J2.
This intrinsic residual mobility poses a fundamental challenge
for quantum state storage and manipulation, motivating the
search for mechanisms to suppress these effective tunneling
processes.

B. Extended model with pair hopping

To suppress the intrinsic spreading arising from second-
order virtual processes, we introduce an explicit control
mechanism by extending the standard model with a NN

pair-hopping term. Unless otherwise specified, we refer to this
interaction simply as “pair hopping” throughout the remainder
of this work. The resulting extended Bose-Hubbard (EBH)
model Hamiltonian is

ĤEBH = ĤBH + Ĥp, (2)

where the pair-hopping term Ĥp takes the form

Ĥp = Jp

2

∑
〈i, j〉

p̂†
i p̂ j . (3)

Here, the operator p̂i = â2
i annihilates two particles simulta-

neously at site i, so that p̂†
i p̂ j represents the direct tunneling

of a doublon from site j to site i. The parameter Jp serves as
the corresponding hopping strength.

Specifically, the direct pair-hopping amplitude Jp opens
a coherent channel that interferes with the virtually induced
amplitude Jeff [see Fig. 1(b)]. By tuning Jp to satisfy the de-
structive interference condition Jp ≈ −Jeff, the two pathways
cancel out. While this cancellation does not strictly arrest
all dynamics due to higher-order processes, it eliminates the
dominant transport mechanism, thereby resulting in a dras-
tic reduction of doublon mobility. This targeted interference
offers a promising mechanism to significantly prolong the
storage time of quantum information by overcoming the in-
trinsic spreading limitations of the standard BHM.

C. Optimal nearest-neighbor pair-hopping amplitude

While the condition Jp ≈ −Jeff provides a heuristic ba-
sis for suppressing spreading, a rigorous derivation requires
accounting for higher-order corrections arising from hybrid
processes involving both the bare hopping J and the intro-
duced pair hopping Jp. Since the pair-hopping term Ĥp enables
direct transitions within the doublon subspace, it actively
participates in higher-order virtual processes, thereby renor-
malizing the effective pair-hopping amplitude.

To determine the explicit form of this renormalization,
we employ the SWT to block-diagonalize the Hamiltonian
up to the third order. The rigorous deduction is detailed in
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Appendix C. In contrast to the standard case (Jp = 0) where
the third-order correction strictly vanishes, the inclusion of the
pair-hopping term yields a nonvanishing contribution scaling
as O(J2Jp/U 2). Physically, this correction arises from two
distinct quantum pathways: one sequence where the virtual
dissociation-recombination mechanism (induced by the bare
hopping J) precedes the direct pair hop (Type A), and the
converse scenario where the direct pair hop occurs prior to
the virtual transport processes (Type B) [see Fig. 1(c)].

Incorporating these contributions, the renormalized effec-
tive hopping amplitude J̃eff for a doublon between NN sites
takes the form

J̃eff = Jp + 2J2

U
− η

J2Jp

U 2
, (4)

where the first term represents the explicit pair-hopping
amplitude, the second term corresponds to the intrinsic
second-order hopping generated by the standard BH terms,
and the third term denotes the third-order interference cor-
rection derived from the aforementioned hybrid processes.
The geometric factor η accounts for the lattice connectivity.
Specifically, for a lattice with coordination number z, sum-
ming over the available intermediate virtual steps leads to the
direct relation η = 2z. This factor of 2 arises precisely because
the two distinct interference pathways (Types A and B) can
each proceed via any of the z nearest neighbors.

To achieve maximal suppression of quantum transport, we
require the total effective amplitude to vanish, i.e., J̃eff = 0.
Solving this equation yields the optimal pair-hopping strength
Jopt

p .
For a 1D-BH chain, the nonboundary sites interact with

two nearest neighbors (z = 2), leading to a geometric factor
of η = 4. Substituting this into the vanishing condition yields
the optimal parameter

Jopt, 1D
p = 2J2U

4J2 − U 2
. (5)

Similarly, in the case of a 2D-BH square lattice, the co-
ordination number is z = 4, which corresponds to η = 8.
Consequently, the optimal parameter is modified to

Jopt, 2D
p = 2J2U

8J2 − U 2
. (6)

It is important to emphasize the physical scope of this
result. The condition J̃eff = 0 is designed to eliminate the
effective pair hopping strictly between NN sites and only up to
the third order in the perturbation expansion, leaving transport
channels from higher-order virtual processes uncompensated.
These remaining terms (fourth-order and beyond) not only
introduce further corrections to the pair-hopping amplitude
but also inherently induce longer-range tunneling events, such
as next-nearest-neighbor (NNN) hopping. Given that these
residual processes scale with higher powers of the perturbative
parameter 1/u, their amplitudes are significantly weaker than
the dominant channel.

Furthermore, the cancellation principle presented here is
theoretically generalizable: these residual long-range cou-
plings could, in principle, be further suppressed by extending
the control scheme to include additional auxiliary terms,
such as NNN pair hopping. Even without such additional

complexity, our results demonstrate that eliminating the
leading-order channel is sufficient to result in a strongly sup-
pressed, albeit not strictly frozen, dynamical state.

III. NUMERICAL RESULTS

To validate the theoretical predictions, we perform exact
numerical simulations on finite-size lattices. This approach
relies on the conservation of total particle number to
strictly truncate the Hilbert space. Unitary time evolution
is primarily implemented using Krylov subspace projection
methods [45,46]. Exclusively for extending our finite-size
scaling analysis to larger many-body systems, we employ
the time-dependent variational principle (TDVP) algorithm
[47–49]. Details of the numerical simulations are provided in
Appendix D. We then focus on the quench dynamics of two
distinct initial states: single-doublon Gaussian wave packets
and many-body density-wave orders. The primary goals of
our simulations are to quantitatively assess the suppression of
doublon transport, the preservation of quantum entanglement,
and the emergence and properties of prethermal plateaus un-
der the optimized pair-hopping amplitude.

A. One-dimensional dynamics

The spreading of a single doublon in an empty lattice
background is first examined. This provides a clean probe
of the effective hopping amplitudes derived in Sec. II. The
system is initialized in a Gaussian wave packet centered at site
ic, a frequently used theoretical tool [31,50–52] specifically
employed because its well-defined momentum distribution
significantly weakens density oscillations, thereby facilitating
a clean and rigorous extraction of fundamental transport prop-
erties. The Gaussian wave packet reads

|�(0)〉 ∝
∑

i

exp

[
− d2(i, ic)

2σ 2

]
p̂†

i |0〉 , (7)

where σ denotes the width of the Gaussian wave packet,
d (i, ic) is the Euclidean distance between site i and the center
ic, and |0〉 represents the global vacuum state with no particles
on any lattice site.

Numerical simulations are performed on a 1D-BH chain
with N = 201 sites (from i = −100 to 100), with the inter-
action strength set to u = 10 and J/(2π ) = 5 MHz [53]. The
initial state is a Gaussian wave packet with width σ = 5

√
2

centered at the origin (ic = 0). The system is evolved up to a
time t = 500 × 2π/|Jeff|, and we compare three distinct trans-
port cases: (i) the standard BH model without pair hopping
(Jp = 0), (ii) the heuristic cancellation condition (Jp = −Jeff),
and (iii) the analytically optimized condition (Jp = Jopt, 1D

p ).
To characterize the microscopic distribution, we compute

the time-dependent probability Pi,n(t ) = Tr[|n〉i 〈n|i ρ̂(t )] for
n = 0, 1, 2, describing the particle occupation at site i. Here,
ρ̂(t ) denotes the density matrix of the system at time t . The
resulting spatiotemporal evolution of the particle density is
shown in Figs. 2(a)–2(i). In the standard case (top row), the
doublon wave packet undergoes ballistic expansion driven by
the second-order effective hopping Jeff. This effective trans-
port is mediated by virtual dissociation processes, evidenced
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FIG. 2. Suppression of doublon transport in a 1D-BH chain with u = 10. The system is initialized in a Gaussian wave packet (σ = 5
√

2).
(a)–(i) Spatiotemporal evolution of site occupation probabilities up to t = 500 × 2π/|Jeff|. Columns from left to right display the single-
occupancy probability Pi,1, the double-occupancy component 2Pi,2, and the total particle density Pi,1 + 2Pi,2. The three rows correspond to
different pair-hopping strengths: (a)–(c) No pair hopping (Jp = 0); (d)–(f) Heuristic cancellation (Jp = −Jeff); and (g)–(i) Optimal cancellation
(Jp = Jopt, 1D

p ). The color bars indicate the magnitude of the corresponding quantities. (j) and (k) Time evolution of the RMSD
√

〈σ̂ 2(t )〉 for
various ratios of Jp/Jeff. The color gradient represents the ratio values. The indicated linear growth regimes (∝ t) highlight the ballistic nature
of the expansion. The inset in (k) plots the RMSD at t = 100 × 2π/|Jeff| as a function of Jp/Jeff, showing a distinct minimum at ≈ −1.042,
consistent with the theoretical optimum derived in Eq. (5).

by the faint yet discernible signatures of single-particle occu-
pation (Pi,1, left column) accompanying the spreading. When
the pair hopping is tuned to Jp = −Jeff (middle row), the
expansion is noticeably slowed; however, a residual “light
cone” remains visible, indicating incomplete cancellation. In
contrast, under the optimal condition Jp = Jopt, 1D

p (bottom
row), the wave packet exhibits strong dynamical confinement
around the center site within the observation window. The
stability of the doublon distribution in this regime confirms
that the optimized interference effectively inhibits the dom-
inant dissociation-recombination pathways and, as a result,
suppresses the leading-order transport.

This suppression is quantitatively substantiated by cal-
culating the mean-square displacement (MSD) of the wave
packet. To rigorously isolate the dynamics of the doublons
from the dissociated single-particle background, we define
the MSD exclusively in terms of the doublon probability
distribution:

〈σ̂ 2(t )〉 = 1∑
i Pi,2

∑
i

Pi,2d2(i, ic). (8)

As illustrated in Figs. 2(j) and 2(k), the spreading dy-
namics is highly sensitive to the ratio Jp/Jeff. While the
root-mean-square displacement (RMSD)

√
〈σ̂ 2(t )〉 exhibits

characteristic ballistic expansion characterized by approxi-
mately linear growth (∝ t) over a certain dynamical interval,
this spreading is arrested most effectively near the theoreti-
cal prediction. The minimum is found at Jp/Jeff ≈ −1.042,
which agrees perfectly with the theoretical value Jopt,1D

p /Jeff =
u2/(4 − u2) ≈ −1.0417 for u = 10. This confirms that the
third-order correction is essential for precise control in the
strong-coupling regime in the 1D-BH chain.

Beyond particle transport, we probe the coherence proper-
ties of the system by monitoring the quantum entanglement
between the two sites symmetric to the center (i = −1 and
j = 1). This is quantified using the negativity [54,55]

Ni, j (t ) = 1
2

(∣∣∣∣ρTi
i, j (t )

∣∣∣∣
1 − 1

)
, (9)

where ρi, j (t ) is the reduced density matrix of sites i and j,
the superscript Ti denotes the partial transpose with respect to
the subspace of site i, and || · ||1 represents the trace norm.
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FIG. 3. Dynamics of the negativity N−1,1(t ) between symmetric
sites i = −1 and j = 1. The time axis is plotted on a logarithmic
scale. The system is initialized in a Gaussian wave packet (σ =
2
√

2). The curves compare the decay of entanglement under three
conditions. The dashed horizontal line serves as a visual guide to
highlight the significantly prolonged preservation of entanglement in
the optimal amplitude.

As shown in Fig. 3, for an initial Gaussian wave packet with
width σ = 2

√
2, the negativity in the standard case (red curve)

decays rapidly to zero as the doublon delocalizes over the
chain. By contrast, under the optimal pair-hopping strength
(blue curve), the negativity exhibits a long-lived plateau, in-
dicating that by suppressing the spatial delocalization, our
scheme effectively prolongs the lifetime of the quantum corre-
lations in the local basis, protecting them from the rapid decay
driven by wave-packet spreading.

B. Two-dimensional dynamics

The investigation is now extended to the 2D-BH square
lattice to verify the universality of the suppression mech-
anism. As derived in Sec. II C, the increased coordination
number (z = 4) in the square lattice modifies the geometric
interference factor to η = 8. Consequently, the optimal can-
cellation condition for the third-order effective hopping shifts
to Jopt, 2D

p = 2J2U/(8J2 − U 2).
To visualize the expansion dynamics, we initialize the sys-

tem with a Gaussian wave packet centered at the middle of
a 31 × 31 lattice with 961 sites in total. The parameters are
set to match the strong interaction regime used in the 1D
case (u = 10). Figures 4(a)–4(d) displays the snapshots of the
particle density distribution at time t = 0 and t = 2π/|Jeff|.

In the absence of pair hopping [Fig. 4(b)], the doublon
wave packet undergoes significant expansion, driven by the
second-order hopping Jeff. By setting Jp = −Jeff [Fig. 4(c)],
the spreading is visibly suppressed, maintaining a tighter
distribution. Most notably, under the optimal condition Jp =
Jopt, 2D

p [Fig. 4(d)], the wave packet exhibits the slowest ex-
pansion among the three cases, demonstrating a significant
suppression of the ballistic dynamics despite the residual
spreading.

FIG. 4. Suppression of doublon transport in a 2D-BH square
lattice. (a) The initial particle density distribution of a Gaussian
wave packet at t = 0 with an initial width

√
〈σ̂ 2(0)〉 = 2.00. (b)–

(d) Snapshots of the density distribution at t = 2π/|Jeff| for Jp = 0,
−Jeff, and Jopt, 1D

p , respectively. The values at the bottom right of each
panel indicate the corresponding RMSD. The color bar represents the
normalized particle density. (e) Time evolution of the RMSD for the
three cases. The vertical dashed line indicates the time t = 2π/|Jeff|
corresponding to the snapshots (b)–(d).

This behavior is also quantified using the RMSD. As
shown in Fig. 4(e), the RMSD for the uncontrolled case (red
curve) grows rapidly. Conversely, the optimized case (blue
curve) significantly arrests this growth, yielding a RMSD of
≈2.60 at t = 2π/|Jeff|, compared to ≈6.62 for the uncon-
trolled case.

We note that while suppression remains substantial, the
residual transport in 2D-BH square lattice is more pronounced
than in 1D cases (where the wave packet was nearly frozen).
This difference arises from the higher lattice connectivity
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FIG. 5. Many-body dynamics of a DW state in a 1D-BH chain with u = 10. The system is initialized in a DW state |�0〉 =
|0, 2, 0, 2, . . . , 0〉 with M = 6 doublons on N = 13 sites. (a)–(c) Spatiotemporal evolution of the local particle density 〈n̂i(t )〉 for Jp = 0,
−Jeff, and Jopt, 1D

p , respectively. (d) Time evolution of the density imbalance I(t ). The red, orange, and blue curves correspond to the cases in
panels (a), (b), and (c), respectively. The inset shows the decay of I(t ) on a logarithmic scale for the controlled cases in panels (b) and (c). The
dashed lines indicate power-law fits I(t ) ∝ t−β , yielding a vanishingly small exponent β ≈ 0.01 for the scenarios in panels (b) and (c).

in 2D situations. The increased number of neighbors opens
up significantly more pathways for fourth- and higher-order
virtual processes, which are not canceled by our third-order
optimization scheme. Nevertheless, the results confirm that
the interference mechanism remains robust and effective in
higher spatial dimensions.

C. Many-body dynamics and prethermalization

Having established the efficacy of the optimized pair
hopping in suppressing single-doublon transport, we next
examine its validity in the many-body regime, where in-
teractions between multiple doublons could destabilize the
confinement mechanism—a crucial step for assessing whether
the interference-induced suppression of transport survives at
finite densities.

For our simulations, we consider a 1D-BH chain with N =
13 lattice sites and M = �N/2	 = 6 doublons. The system is
initialized in a density wave (DW) state [56], formed by an
array of doublons separated by empty sites:

|�(0)〉 = |0, 2, 0, 2, . . . , 0, 2, 0〉. (10)

We then monitor the time evolution of the local particle
density 〈n̂i(t )〉 and quantify the preservation of the crystalline
order using the density imbalance [57]:

I (t ) = 1

2M

M∑
i=−M

(−1)i+1〈n̂i(t )〉. (11)

For the perfect DW state, I (0) = 1, while I ∼ 0 signifies
thermalization to a uniform density distribution. We specif-
ically rely on this observable because, unlike entanglement-
based measures that demand resource-intensive quantum state
tomography (QST) [58–60], it can be directly extracted from
single-site local measurements, making our predictions read-
ily verifiable on near-term quantum simulators [21,27,44,61].
(Supplementary calculations of the bipartite entanglement en-
tropy are provided in Appendix E.)

Figures 5(a)–5(c) illustrates the stark contrast in dynam-
ics. In the standard BH model [Jp = 0, see Fig. 5(a)], the
DW pattern melts rapidly as doublons diffuse and collide,
leading to a thermalized state. Conversely, under the opti-
mal pair-hopping condition [Jp = Jopt, 1D

p , see Fig. 5(c)], the
density profile remains remarkably stable over the simulated
timescale (t ∼ 8 × 2π/|Jeff|), exhibiting a dynamical arrest of
the initial order.

This suppression is quantitatively captured by the imbal-
ance dynamics shown in Fig. 5(d). While the uncontrolled
system (red curve) exhibits a fast decay to zero, the optimally
controlled system (blue curve) maintains a long-lived plateau
with I (t ) ≈ 0.7. Importantly, this state is not strictly static.
As shown in the inset of Fig. 5(d), the imbalance exhibits a
slow power-law decay I (t ) ∝ t−β with a very small expo-
nent β ≈ 0.01. This slow relaxation dynamics is a hallmark
of prethermalization. The system is trapped in a metastable
nonequilibrium state due to the suppression of the leading-
order kinetic terms, postponing thermalization to timescales
governed by higher-order perturbative processes.

To elucidate the nature of this dynamical arrest—
specifically, to distinguish between true MBL or HSF and
prethermalization—we perform a finite-size scaling analysis.
Figure 6 displays the finite-size scaling analysis of the long-
time imbalance. For smaller system sizes ranging from N = 3
to 13, calculated via Krylov subspace methods, the imbalance
as a function of the control parameter ratio Jp/Jopt, 1D

p is shown
in Fig. 6(a). A key feature is observable here: the peak of the
imbalance consistently aligns with the theoretical optimum
Jp/Jopt, 1D

p ≈ 1 for all evaluated small sizes, validating that
the local interference mechanism remains dominant in the
many-body setting.

To further elucidate the nature of this dynamical arrest
at macroscopic scales, we extend our scaling analysis to
larger systems up to N = 41 using the TDVP algorithm.
To ensure the highest accuracy of the tensor network cal-
culations, the imbalance at a representative plateau time is
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FIG. 6. Finite-size scaling of the long-time imbalance. (a) The imbalance I(t ) is averaged over a late-time window around t = 10 ×
2π/|Jeff| and plotted as a function of the pair-hopping strength ratio Jp/Jopt, 1D

p . Different curves correspond to different system sizes ranging
from N = 3 to 13. (b) The imbalance evaluated at t = 2 × 2π/|Jeff| for larger system sizes (N > 13), calculated using the TDVP algorithm
with various bond dimensions χ . The dashed lines represent linear fits used for extrapolation to the infinite bond dimension limit, with the
predicted values denoted by square markers. Error bars indicate the fitting uncertainty but are negligibly small and largely obscured by the
markers. (c) The imbalance at t = 2 × 2π/|Jeff| plotted as a function of the system size N . Circular markers represent exact numerical results
obtained via the Krylov subspace projection methods for smaller systems, while square markers represent the TDVP-extrapolated predictions,
corresponding directly to the square markers in panel (b).

simulated using various bond dimensions χ and rigorously
extrapolated to the infinite bond dimension limit (1/χ →
0), as shown in Fig. 6(b). By combining the exact numeri-
cal results for smaller systems with the TDVP-extrapolated
predictions, Fig. 6(c) illustrates the scaling behavior of the
long-time density imbalance with respect to the system size
N . Notably, while the imbalance experiences an initial de-
crease at smaller sizes, the curve gradually levels off and
approaches a significant nonzero value as N increases fur-
ther. This specific leveling-off scaling behavior holds decisive
physical significance: it explicitly rules out the possibility
that the observed dynamical arrest is merely an artifact of
finite-size effects. Instead, it conclusively demonstrates that
the prethermal plateau, originating from the vast disparity
between the suppressed effective hopping and the prolonged
thermalization timescales, remains fundamentally robust in
the macroscopic limit.

IV. DISCUSSION AND CONCLUSION

In this work, we have presented a comprehensive strategy
to suppress the intrinsic mobility of doublons in the strongly
interacting BH model. By engineering a destructive inter-
ference between the virtually induced second-order hopping
and an explicit pair-hopping term, we have demonstrated the
capability to arrest the dominant transport channels in a clean,
disorder-free system. We note that an analogous dynamical
arrest due to competing hopping pathways has recently been
observed in ferromagnetic systems [62], suggesting that the
suppression of bound state transport via destructive interfer-
ence is a robust mechanism across different physical setups.

A central theoretical contribution of our study is the rig-
orous derivation of the optimal cancellation condition beyond
the heuristic level. While a simple cancellation of the second-
order amplitude (Jp ≈ −Jeff) offers qualitative suppression,
our third-order SWT analysis reveals that precise control
requires accounting for hybrid tunneling processes. We iden-
tified a geometric interference factor η, which quantifies the
renormalization of the effective pair hopping due to lattice

connectivity. The excellent agreement between our analyt-
ical predictions and the numerical minima of wave-packet
spreading, most notably in the 1D-BH chain, confirms that
these higher-order corrections are nonnegligible in the strong-
coupling regime.

Our analysis of dimensionality reveals that the efficacy of
dynamical arrest is sensitive to lattice geometry. In 1D-BH
chain, the optimized control leads to a near-complete freezing
of doublon dynamics, whereas 2D-BH square lattice ex-
hibit substantial suppression accompanied by a slow, residual
expansion. This distinct behavior stems from the increased co-
ordination number (z = 4), which significantly multiplies the
available pathways for higher-order virtual processes. Unlike
the targeted third-order cancellation, these uncompensated
contributions introduce further corrections to the pair-hopping
amplitude while simultaneously inducing longer-range hop-
pings. Although the theoretical optimization minimizes the
dominant transport channel up to third-order correction, the
cumulative effect of these residual pathways prevents the strict
localization. Despite this geometric limitation, the drastic re-
duction in mobility confirms the robustness of the interference
mechanism in arresting the leading-order dynamics against
lattice complexity.

In the many-body context, our results demonstrate the
applicability of few-body coherent control strategies to many-
body nonequilibrium regimes. The observation of a long-lived
density-wave plateau under optimal control signifies the emer-
gence of prethermalization. Crucially, our extended scaling
analysis confirms that this dynamical arrest is not a finite-
size artifact but a robust macroscopic phenomenon. Although
the system ultimately thermalizes, the destructive interfer-
ence guarantees a profound timescale separation.Specifically,
under the optimal pair-hopping condition (Jp = Jopt

p ), our
perturbative analysis indicates that the uncompensated fourth-
order virtual processes dictate a residual hopping amplitude
Jres ∼ O(J4/U 3). This theoretically extends the characteristic
timescale of the metastable window to τ ∝ U 3/J4, represent-
ing a dramatic enhancement compared to the uncontrolled
thermalization timescale τ0 ∝ U/J2. This “dynamical arrest”
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effectively creates a metastable window that potentially offers
beneficial conditions for future quantum information storage
and manipulation.

Experimental realization of the BH model has been estab-
lished on the platform of superconducting circuits [63–68],
particularly arrays of transmon qutrits [69]. In a conven-
tional array, the native capacitive coupling between adjacent
transmons is dominated by single-particle hopping, typically
described by Hg ∝ (ai + a†

i )(a j + a†
j ), where ai (a†

i ) is the
annihilation (creation) operator for a single excitation in the
ith transmon. Consequently, direct pair-exchange processes
are inherently forbidden in the bare state basis, as the matrix
element 〈20| Hg |02〉 strictly vanishes. Here, the state |02〉 =
|0〉 ⊗ |2〉 specifically denotes a configuration where one trans-
mon is populated in its second excited state while its neighbor
remains in the ground state.

However, this fundamental limitation may be overcome
using advanced Floquet engineering techniques [70]. By ap-
plying a detuned, time-periodic microwave drive, transmons
can be adiabatically mapped into Floquet qutrits [71]. Within
this framework, the target Hilbert space is spanned by the
Floquet modes |un(t )〉F, which are engineered time-dependent
superpositions of the bare energy levels |n〉 (n = 0, 1, 2).
Defining the basis as |umn(t )〉F = |um(t )〉F ⊗ |un(t )〉F (n, m =
0, 1, 2), the effective interactions are governed by the time-
averaged matrix elements of the native coupling Hg evaluated
in the Floquet basis. Because the Floquet dressing hybridizes
the bare states across different excitation manifolds, the time-
averaged transition amplitude 〈u20(t )|F Hg |u02(t )〉F becomes
nonzero, thereby generating a direct pair-hopping channel.
Crucially, the effective pair-hopping strength Jp can be tuned
in magnitude by controlling the amplitude and detuning of the
microwave drives, providing a promising theoretical frame-
work to satisfy the exact destructive interference condition
derived in this work. Importantly, considering typical trans-
mon parameters (J/(2π ) ∼ 10 MHz, U/(2π ) ∼ −200 MHz),
the characteristic timescale for the effective pair hopping
(2π/|Jeff| ∼ 1 µs) is significantly shorter than state-of-the-
art device coherence times (>100 µs), making it plausible
to observe the primary interference-induced dynamical arrest
within the experimental window.

Nevertheless, it is important to acknowledge that phys-
ically synthesizing and precisely calibrating these tailored
pair-hopping terms in a large-scale array entails complex en-
gineering challenges. Strong microwave driving can introduce
both hardware-specific issues, such as microwave crosstalk,
and unwanted nonequilibrium effects, including heating and
loss of coherence. While devising a comprehensive blueprint
to mitigate these intricate engineering challenges is beyond
the scope of the present theoretical study, the high degree of
controllability and rapid advancements in the dynamic control
of superconducting processors make them a challenging but
promising candidate for exploring the predicted dynamical
arrest and prethermalization.

Beyond superconducting circuits, ultracold atoms in opti-
cal lattices represent the most natural platform for simulating
the BH model [2,9,28,72]. However, when considering the
cross-platform realization of our specific Floquet engineering
scheme, a fundamental physical distinction emerges. Unlike
superconducting transmons, where the local Fock state |n〉

corresponds to excitation energy levels that can be freely
hybridized via a transverse microwave drive (introducing
a driving Hamiltonian Ĥd ∝ â + â†), the state |n〉 in cold
atom simulators is strictly defined by the number of massive
physical atoms. Because isolated atomic systems enforce par-
ticle number conservation, the transverse-field driving utilized
here is unphysical in that context. Consequently, synthesizing
analogous pair-hopping dynamics in atomic optical lattices
requires alternative pathways.

Looking forward, this work opens several avenues for
future exploration. Theoretically, the SWT employed here
can be systematically extended to higher orders; such re-
fined calculations would yield precise corrections for residual
hoppings, thereby offering a pathway to further enhance
the suppression efficiency even in more complex lattice ge-
ometries. Beyond higher-order corrections, the interference
principle itself could be generalized to suppress longer-range
tunneling by introducing corresponding terms. Furthermore,
investigating the interplay between this interference-induced
dynamical arrest and weak external disorder could yield new
insights into the stability of quantum matter and the transi-
tion between prethermal and localized phases. Ultimately, our
findings provide a concrete blueprint for Hamiltonian engi-
neering in strongly correlated systems, enabling the control
of transport properties and enhanced preservation of quantum
states through the precise manipulation of virtual processes.
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APPENDIX A: PERTURBATIVE EXPANSION
OF THE SCHRIEFFER-WOLFF TRANSFORMATION

We briefly review the formalism of the SWT and provide
the effective Hamiltonian expansion up to the third order. This
allows us to systematically decouple the target subspace from
the complementary subspace and identify the leading-order
spreading term relevant to the main text. We follow the rigor-
ous formulation described in Ref. [35].
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Consider a Hamiltonian Ĥ = Ĥ0 + V̂ , where Ĥ0 is the
unperturbed diagonal Hamiltonian and V̂ is the perturbation.
Let P be the target subspace spanned by a chosen set of
eigenvectors of Ĥ0 and Q be the complementary subspace
orthogonal to P . We denote P̂ and Q̂ = 1 − P̂ as the projectors
onto P and Q, respectively.

The goal of the SWT is to find a unitary transformation
eŜ that block-diagonalizes the Hamiltonian Ĥ to the desired
order. The generator Ŝ is required to be anti-hermitian (Ŝ† =
−Ŝ) and block-off-diagonal (P̂ŜP̂ = Q̂ŜQ̂ = 0). The effective
Hamiltonian acting on the target subspace is then given by

Ĥeff = P̂eŜĤe−Ŝ P̂. (A1)

To explicitly construct the series, it is convenient to
introduce the superoperator formalism. We define the block-
diagonal and block-off-diagonal parts of an operator X̂ as
X̂d = P̂X̂ P̂ + Q̂X̂ Q̂ and X̂od = P̂X̂ Q̂ + Q̂X̂ P̂. A key ingredi-
ent is the superoperator L, which determines the transforma-
tion generator by solving the Sylvester equation associated
with block-diagonalization:

L
(
X̂

) =
∑
i, j

〈i| X̂od | j〉
Ei − Ej

|i〉 〈 j| , (A2)

where |i〉 ∈ P and | j〉 ∈ Q (or vice versa) are eigenstates of
Ĥ0 with energies Ei, Ej .

Expanding the generator Ŝ = ∑+∞
n=1 Ŝn and the effective

Hamiltonian Ĥeff = ∑+∞
n=0 Ĥ (n)

eff as a power series with respect
to the perturbation V̂ , the first and second-order terms for the
generator are determined recursively as

Ŝ1 = L
(
V̂od

)
, (A3)

Ŝ2 = −L([V̂d, Ŝ1]). (A4)

By using these generators, we can obtain the effective
Hamiltonian terms. The zeroth- and first-order terms are sim-
ply the projection of the original Hamiltonian:

Ĥ (0)
eff = P̂Ĥ0P̂, (A5)

Ĥ (1)
eff = P̂V̂ P̂. (A6)

The second- and third-order corrections, which capture
the dominant virtual processes and the interference effects
discussed in this work, are given by

Ĥ (2)
eff = 1

2 P̂[Ŝ1, V̂od]P̂, (A7)

Ĥ (3)
eff = 1

2 P̂[Ŝ2, V̂od]P̂. (A8)

These expressions form the basis for calculating the renor-
malized pair-hopping amplitudes in the specific BH model
context.

APPENDIX B: DERIVATION OF THE SECOND-ORDER
EFFECTIVE HOPPING

In this Appendix, we apply the perturbative expansion of
the SWT presented in Appendix A to the standard BH model
to derive the second-order effective hopping amplitude for a
doublon. This process corresponds to the evaluation of the
second-order term Ĥ (2)

eff .

Here, we consider the dynamics of a single dou-
blon in a vacuum. The unperturbed Hamiltonian is Ĥ0 =
(U/2)

∑
i n̂i(n̂i − 1), and the perturbation is the single-

particle hopping V̂ = −J
∑

〈i, j〉 â†
i â j . The validity of this

perturbative approach is strictly ensured by the strong-
interaction condition u � 1, which treats the single-particle
hopping as a small disturbance relative to the on-site in-
teractions. Consequently, we can define the target subspace
P spanned by the doublon states |ψi〉 = (1/

√
2) p̂†

i |0〉 with
unperturbed energy Ei = Edoub = U , well-separated from the
complementary subspace Q, which consists of virtual in-
termediate states |φi j〉 = â†

i â†
j |0〉 (i �= j) with energy Ei, j =

Evirt = 0, representing two particles occupying two different
sites i and j.

The first-order generator Ŝ1 is obtained via Eq. (A3). The
off-diagonal perturbation V̂od connects P and Q only for pairs
of NN sites 〈i, j〉, the matrix element is 〈ψi|V̂od|φi j〉 = −√

2J ,
while for non-NN sites, this contribution vanishes. Utilizing
the definition of the superoperator L and the energy gap
Ei − Ei, j = Edoub − Evirt = U , the relevant nonvanishing ma-
trix elements of the generator are

〈ψi|Ŝ1|φi j〉 = 〈ψi|V̂od|φi j〉
U

= −
√

2J

U
. (B1)

We now evaluate the second-order effective Hamiltonian
Ĥ (2)

eff = (1/2)P̂[Ŝ1, V̂od]P̂. Due to the strict locality of the op-
erators, nonvanishing off-diagonal matrix elements exist only
between NN sites i and j. Expanding the commutator for such
a pair yields

〈ψ j |Ĥ (2)
eff |ψi〉 = 1

2

∑
m∈Q

(〈ψ j |Ŝ1|m〉〈m|V̂od|ψi〉

− 〈ψ j |V̂od|m〉〈m|Ŝ1|ψi〉), (B2)

where the summation over m survives only for the unique
intermediate state m = |φi j〉 that links sites i and j. Using the
relation Ŝ†

1 = −Ŝ1, the first term in the bracket evaluates to
(−√

2J/U )(−√
2J ) = 2J2/U , and the second term evaluates

to (
√

2J )(
√

2J/U ) = −2J2/U . Substituting these values into
Eq. (B2), we obtain the off-diagonal matrix element and ef-
fective pair-hopping amplitude:

Jeff ≡ 〈ψ j |Ĥ (2)
eff |ψi〉 = 2J2

U
. (B3)

Furthermore, strictly constructing the complete second-
order effective Hamiltonian serves as the basis for the
subsequent third-order calculation. Therefore, we also ac-
count for the diagonal matrix elements 〈ψi|Ĥ (2)

eff |ψi〉. These
terms, usually referred to as the Lamb shift, arise from virtual
processes where a doublon dissociates into a neighbor j and
recombines at the original site i (i.e., | . . . , 2i, 0 j, . . . 〉 →
| . . . , 1i, 1 j, . . . 〉 → | . . . , 2i, 0 j, . . . 〉). Similarly, expanding
the commutator for the diagonal case yields

〈ψi|Ĥ (2)
eff |ψi〉 = 1

2

∑
j∈NN(i)

(〈ψi|Ŝ1|φi j〉〈φi j |V̂od|ψi〉 − H.c.)

=
∑

j∈NN(i)

Jeff, (B4)
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where NN(i) is the set of all NN sites of i.
Since each NN site contributes an energy shift identical in

magnitude to the hopping amplitude, the total diagonal shift
for a doublon at site i depends on the lattice coordination
number z.

Summing over all NN pairs 〈i, j〉, we can express the full
second-order effective Hamiltonian in operator form, explic-
itly including the diagonal Lamb shift terms:

Ĥ (2)
eff = 1

2
Jeff

∑
〈i, j〉

[ p̂†
j p̂i + n̂i(n̂i − 1)]. (B5)

Although these diagonal terms in Eq. (B5) act as a constant
energy shift in a uniform infinite lattice, their inclusion en-
sures the rigorous completeness of the SWT up to the second
order, which lays the necessary groundwork for the derivation
of third-order corrections.

APPENDIX C: THIRD-ORDER CORRECTION
AND OPTIMAL HOPPING

We now extend the analysis to the third-order correction to
the effective amplitude J̃eff arising from the inclusion of the
pair-hopping term Ĥp. Before proceeding to the derivation,
we first address the validity of the perturbative treatment.
Given that thepair-hopping strength is tuned to cancel the
second-order effective hopping, its magnitude scales as Jp ∼
O(J2/U ). This scaling ensures that Ĥp remains a consistent
perturbation within the hierarchy of the SWT, thereby pre-
serving the convergence of the series. With this established,
we show how the interplay between single-particle hopping
and pair hopping leads to the geometric factor η.

1. Third-order effective Hamiltonian

Under the EBH model, the perturbation is V̂ = V̂J + Ĥp,
where V̂J is the single-particle hopping and Ĥp is the pair
hopping. In the strong-coupling regime, Ĥp acts as a block-
diagonal perturbation within the target subspace P , while V̂J

is block-off-diagonal. Thus, we identify Q̂ĤpQ̂ = 0, V̂d = Ĥp

and V̂od = V̂J .
From Eq. (A4), the second-order generator Ŝ2 is

Ŝ2 = −L([Ĥp, Ŝ1]) = − 1

U
(P̂[Ĥp, Ŝ1]Q̂ − H.c.). (C1)

As shown in Appendix B, Ŝ1 connects a doublon state |ψi〉 to
a virtual state |φik〉 ∈ Q. The commutator [Ĥp, Ŝ1] generates
terms where a pair hop occurs either before or after the action
of Ŝ1. Using Eq. (A8), the third-order effective Hamiltonian is

Ĥ (3)
eff = 1

2
P̂[Ŝ2, V̂J ]P̂

= − 1

2U

(
ĤpĤ (2)

eff + H.c.
)
. (C2)

2. Path analysis and geometric factor

We seek to calculate the renormalization of the hopping
amplitude between two NN sites i and j. It is important to note
that third-order perturbative processes can generally induce
longer-range couplings, such as NNN hopping. However, such

terms constitute a distinct transport channel that corresponds
to orthogonal operators in the Hamiltonian. Since the control
parameter Jp is strictly a pair-hopping amplitude, it cannot
act to cancel these longer-range terms. Therefore, to derive
the optimal cancellation condition for the dominant transport
channel, we restrict our analysis exclusively to the effec-
tive matrix elements 〈ψ j |Ĥ (3)

eff |ψi〉 where i and j are nearest
neighbors.

By expanding Eq. (C2), we identify two distinct types of
transport pathways, as explicitly illustrated in Fig. 1(c). These
pathways describe how the doublon transfers from site i to NN
site j with the participation of an intermediate neighbor k:

Type A (Virtual hop precedes pair hop): As depicted in the
top panel of Fig. 1(c), the doublon at the initial site i first
undergoes a virtual hop: a single particle tunnels to a neighbor
k and immediately tunnels back to i. This loop process leaves
the doublon at site i but renormalizes its state. Subsequently,
the doublon executes a direct pair hop Jp to the destination site
j. Note that the neighbor k can be any nearest neighbor of i,
including j.

Type B (Pair hop precedes virtual hop): As depicted in
the bottom panel of Fig. 1(c), the sequence is reversed. The
doublon first executes a direct pair hop Jp from site i to site
j. Once at site j, it undergoes a virtual hop where a single
particle tunnels to a neighbor k and returns to j. Similarly, k
can be any nearest neighbor of j, including i.

The total amplitude is obtained by summing over all possi-
ble intermediate neighbors k allowed by the lattice geometry.
Evaluating the commutators explicitly yields the term as

〈ψ j |Ĥ (3)
eff |ψi〉 = −η

J2Jp

U 2
, (C3)

where the geometric factor η counts the multiplicity of these
paths. For a hypercubic lattice with coordination number z,
the summation over neighbors yields η = 2z. This factor of
2 arises precisely because there are two distinct types of in-
terfering pathways (Type A and Type B), each contributing z
valid intermediate states.

3. Optimal cancellation condition

Combining the results from Appendix B and the above
derivation, the total effective pair hopping amplitude J̃eff up
to the third order is

J̃eff = Jp + 2J2

U
− η

J2Jp

U 2
. (C4)

To suppress the transport, we set J̃eff = 0. Solving for Jp yields
the optimal hopping strength:

Jopt
p = 2J2U

ηJ2 − U 2
. (C5)

This expression justifies the optimal parameters Jopt, 1D
p and

Jopt, 2D
p used in the numerical simulations in the main text.

4. Generalization to multidoublon systems

Although the derivation becomes analytically more com-
plex compared to the single-doublon case, the presence
of additional doublons does not fundamentally alter the
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FIG. 7. Validation of the maximum filling constraint. The im-
balance I(t ) is plotted as a function of the inverse bond dimension
1/χ for representative system sizes N = 17, 25, and 35, with the
evaluation time and Hamiltonian parameters chosen identically to
Fig. 6. Circle and hexagon markers denote the results obtained un-
der nmax = 2 and nmax = 3, respectively, while square and diamond
markers represent their corresponding extrapolated values in the infi-
nite bond dimension limit, where all data for nmax = 2 is identical to
that in Fig. 6. Dashed lines indicate the linear fits. Error bars indicate
the fitting uncertainty but are negligibly small and largely obscured
by the markers.

underlying transition channels. Given that the essence of the
SWT is to sum up the contributions from multi-order transi-
tion pathways, the conclusion derived for a single doublon can
be naturally generalized to the multi-doublon scenario.

APPENDIX D: DETAILS OF NUMERICAL SIMULATIONS

To ensure the full reproducibility of our numerical results,
we detail the explicit parameters and methodologies used in
our simulations. In the strongly interacting BH model (u =
10) initialized with doublon configurations, the dynamical
generation of triplons (three particles per site) or higher occu-
pations is highly off-resonant. Specifically, the energy cost to
form a triplon from a doublon and a single particle is �E ≈
|2U | � J , rendering such transitions extremely suppressed.
Consequently, for all numerical simulations, we truncated the
local Hilbert space to a maximum occupation of nmax = 2
bosons per site. This physically justified truncation effec-
tively captures the principal dynamical features of the system
while significantly improving the computational efficiency of
both the Krylov subspace projection method and the TDVP
simulations.

Fig. 7 presents the TDVP simulation results for represen-
tative system sizes under a relaxed constraint of nmax = 3.
As shown, although minor differences exist at finite bond di-
mensions χ , the density imbalance values extrapolated to the
infinite bond dimension limit are nearly identical under both
filling constraints. This explicitly verifies that our maximum
filling restriction does not alter the core conclusions. Fur-
thermore, the overall dynamical behavior observed under this
parameter choice is highly robust throughout the strongly in-
teracting regime (u � 10), where the large energy gap �E �

J ensures that transitions to triplons or higher occupations
remain highly off-resonant. Conversely, as u decreases and
departs significantly from the strong-coupling limit, both the
nmax = 2 state-space truncation and the interference-induced
prethermal phenomena face severe challenges and may even-
tually break down, as the reduced energy gap can no longer
suppress higher-occupancy states or guarantee the validity of
the SWT.

For the single-doublon dynamics and small many-body
systems, the unitary evolution was implemented using Krylov
subspace projection methods. Specifically, we utilized the
krylovsolve function from the open-source Quantum Tool-
box in Python (QuTiP) [73]. This approach efficiently
approximates the action of the time-evolution operator by pro-
jecting the high-dimensional state vector onto a significantly
smaller Krylov subspace generated via Lanczos iterations. We
operated the solver using its default tolerance and subspace
dimension parameters, which yield highly accurate unitary
dynamics for sparse Hamiltonians.

Our finite-size scaling analysis for larger lattices (up to
N = 41) utilized the TDVP algorithm implemented via the
ITENSOR software [74] in Julia [75]. Throughout all sweeps,
a strict singular value decomposition cutoff of 10−9 was
enforced to minimize truncation errors and accurately cap-
ture quantum correlations. The evolution initially proceeded
under the 2-site TDVP scheme, permitting the tensor net-
work bond dimension to adaptively expand in response to
the dynamic growth of entanglement. Once this bond dimen-
sion reached a predefined maximum value χ , the algorithm
seamlessly transitioned to the computationally more efficient
1-site TDVP scheme. Furthermore, the simulations (using
a time step dt = 0.001 × 2π/|Jeff|) were performed using
varying maximum bond dimensions χ structurally tailored to
the respective system sizes: χ ∈ {256, 384, 512, 640} for N =
17, 21, and 25; χ ∈ {384, 512, 640, 768} for N = 31 and 35;
and χ ∈ {512, 640, 768, 896} for the largest system size N =
41. This systematic scaling approach allows for a rigorous
extrapolation of the density imbalance to the infinite bond
dimension limit.

APPENDIX E: SUPPLEMENTARY EVIDENCE
OF PRETHERMALIZATION

To further substantiate the prethermalization scenario ob-
served via the imbalance in the main text, we analyze the
dynamics of the bipartite entanglement entropy SA(t ). We
divide the 1D chain of N sites into two spatial subsystems, A
and B, where subsystem A encompasses the first NA = �N/2	
sites. The bipartite entanglement entropy is defined as the
von-Neumann entropy of the reduced density matrix [76–78]:

SA(t ) = −Tr[ρ̂A(t ) ln ρ̂A(t )], (E1)

where ρ̂A(t ) = TrB[ρ̂(t )] is obtained by tracing out the degrees
of freedom in subsystem B.

As illustrated in Fig. 8(a), for a small system size (N = 13),
the uncontrolled system (Jp = 0) exhibits a rapid growth of
SA(t ) that quickly saturates to a high value, signaling fast ther-
malization. In stark contrast, under the optimal pair-hopping
condition (Jp = Jopt, 1D

p ), the entropy exhibits a remarkably
slow, logarithmic growth following an initial rapid increase.
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FIG. 8. Finite-size scaling of the long-time bipartite entanglement entropy. (a) Time evolution of the bipartite entanglement entropy SA(t )
for N = 13. The red, orange, and blue curves correspond to Jp = 0, −Jeff, and Jopt, 1D

p , respectively. (b) The bipartite entanglement entropy
evaluated at t = 2 × 2π/|Jeff| for larger system sizes (N > 13), calculated using the TDVP algorithm with various bond dimensions χ . The
dashed lines represent linear fits used for extrapolation to the infinite bond dimension limit, with the predicted values denoted by square
markers. Error bars indicate the fitting uncertainty but are negligibly small and largely obscured by the markers. (c) The bipartite entanglement
entropy at t = 2 × 2π/|Jeff| plotted as a function of the system size N . Circular markers represent exact numerical results obtained via the
Krylov subspace projection methods for smaller systems, while square markers represent the TDVP-extrapolated predictions, corresponding
directly to the square markers in panel (b).

This behavior aligns with the characteristic entanglement dy-
namics of a prethermal phase.

To conclusively rule out finite-size effects and confirm that
this suppressed entanglement growth persists at macroscopic
scales, we also perform a finite-size scaling analysis using
the TDVP algorithm for systems up to N = 41. Similar to
the imbalance analysis, Fig. 8(b) shows the entropy evaluated

at a representative time (t = 2 × 2π/|Jeff|) for various bond
dimensions χ , rigorously extrapolated to the infinite bond
dimension limit. Figure 8(c) presents this extrapolated entropy
as a function of the system size N . The systematic scaling
curve conclusively demonstrates that the significant suppres-
sion of entanglement spreading remains fundamentally robust
in the macroscopic limit.
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